We provide novel random surface density functional theory (RSDFT) formulation in the case of geometric heterogeneous surface of solid media which is essential for description of thermodynamic properties of confined fluids. The major difference of our theoretical approach from existing ones is stochastic model of solid surface which takes into account the correlation properties of geometry. The main building blocks are effective fluid-solid potential developed in work (J. Stat. Phys, 2017,167(6), 1519-1545) and geometry based modification of Helmholtz free energy for Lennard-Jones fluids. Efficiency of RSDFT is demonstrated in calculation of argon and nitrogen low temperature adsorption on real heterogeneous surfaces (BP280 carbon black). These results are in good agreement with experimental data published in the literature. Also several models of corrugated materials are developed in the framework of RSDFT. Numerical analysis demonstrates strong influence of surface roughness characteristics on adsorption isotherms. Thus developed formalism provides connection between rigorous description of stochastic surface and confined fluids thermodynamics.
I. INTRODUCTION
Real surfaces are usually rough, so influence of geometry on adsorption and other surface properties is actively investigated in recent years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . A huge range of surface phenomena can be described using Density Functional Theory (DFT) [18] . Especially DFT plays essential role in theoretical prediction of adsorption characteristics. However the major part of known versions of DFT is applicable for adsorption on smooth surfaces only.
In order to avoid assumptions about smooth solid surface in the frame of one-dimensional DFT authors of [2, 3] considered the heterogeneous material as an amorphous media with variable one-dimensional density near the surface. Therefore the solid density is represented as rapidly decreasing function of the distance to the surface. Thus, the heterogeneity is described by a single parameter corresponding to the value of characteristic roughness. In accordance with this representation of solid in work [2] new version of DFT named the quenched solid density functional theory (QSDFT) was developed. Results of QSDFT fit experimental data in the range of thermodynamic parameters where results of standard DFT are insufficient. However, QSDFT has serious limitation due to simplified representation of solid surface. Indeed single roughness parameter is not enough for full definition of heterogeneous surface and the characteristic of lateral structure is needed. Alternatively authors of [4, 5] considered two-dimensional heterogeneous surface, taking into account that carbon structure consists of curved graphene layers. In order to describe lateral surface energy perturbations authors introduce deterministic oscillating function. However more realistic model of rough solid is random surface defined by both characteristic roughness and correlation function. Thus new DFT formulation supporting the analysis of influence caused by correlation properties of the random solid surface is highly desirable. In the current manuscript we present the theory which successively describes the heterogeneous surface and real fluid thermodynamics near the wall in common formalism.
In the previous work [1], we developed the general theory of effective coarse-grained fluid-solid potential by proper averaging of the free energy of fluid molecules which interact with the random solid media. This procedure is largely based on the theory of random processes so we focused on a detailed calculation of the averaged local geometry properties using the random field approach. Correlated random field is considered as a model of random surface with high geometric roughness. As a result, general expression of effective fluid-solid potential was obtained and discussed in details.
In the current paper we have developed a new density functional theory to describe thermodynamic properties of a fluid interaction with strongly spatial heterogeneous surfaces. One of the building blocks for creating such a theory is description of the effective fluid-solid interaction taking into account the properties of the stochastic surface geometry Fig. 1 . Also the averaged properties of the local solid geometry underlying the theoretical model are essential for the modification of the configuration integral in free energy functional. This procedure is described in details in the current manuscript. Collecting all this together, we construct a new density functional theory on the basis of unified approach, which implies accurate con- sideration of both single-point and two-point distribution functions of a random surface.
Also, in this study, we have demonstrated how the developed formalism may be expanded to describe nonsymmetric models of random solid surface. This allows us to consider two types of corrugated materials. The first one can be obtained by chemical reactions in which random cavities are formed in the initially smooth surface. The second one is devoted to random geometry formed by depositing solid matter onto originally smooth substrate, illustration of different surface types which have been studied is provided in Fig. 2 .
In work [6] nongraphitized carbon black (NGCB) surfaces were investigated by modeling adsorption of argon on these surfaces in the framework of fully atomistic Grand Canonical Monte-Carlo simulation (GCMC). The new simple model to describe a surface irregularities of corrugated materials was presented since many real surfaces are far from being ideally smooth, and assuming a perfect surface to study adsorption in pores could lead to serious errors in the determination of adsorption isotherms. Also in paper [6] authors concentrate on comparison of adsorption behaviors between NGCB and graphitized thermal carbon black (GTCB) with well defined smooth surface. The models of heterogeneous surfaces constructed in our manuscript have many similarities with the model from work [6] and expand it within the framework of the developed theoretical approach. This paper is arranged as follows: necessary definitions and results of our previous research are briefly discussed in the next section. Then we formulate new version of DFT named Random Surface Density Functional Theory (RSDFT). The results are presented in two sections. The first one demonstrates RSDFT application to low temperature adsorption on nongraphitized carbon black BP-280. In this section results obtained theoretically are compared with experimental data. The second one demonstrates new approach to modeling of various types of corrugated materials.
II. RANDOM PROCESS THEORY APPROACH TO GEOMETRIC HETEROGENEOUS SURFACES
Since the model developed in our previous work [1] is much in use in the current manuscript, let us briefly remind main results and constructions. The underlying idea states that total interaction between fluid molecule and solid media can be replaced by an effective potential depending on the distance from a molecule to the surface only. Implemented free energy average technique is an approach to link the free energy, obtained by accurate partition function of initial system, to a system with fewer degrees of freedom which is result of approximated partition function.
Let us consider a molecule of fluid, interacting with solid phase. Fluid molecule is a sphere with diameter d. The solid is represented by a system of M noninteracting molecules located at the sites of three dimensional lattice. Solid media has sufficiently large surface, which corresponds to certain realization of random process Z(r). For a fluid particle with fixed z-coordinate corresponding partition function becomes
The configuration space of fluid molecule in expression (1) is union of non-crossing domains of random sizes,
Permitted random regions Ω i are induced by random binary field which is a slice of random process Z at level z, u f s ( r f , r molecules at fixed M points r s,1 , r s,2 , ..., r s,M . It is important to note, that this function also depends on random process Z(r). Thermodynamic properties of this system are defined by free energy averaged over all realizations of random geometry:
where integrals imply functional integration over variations of Z at each point r. P (Z) is probability that certain Z takes place. As it was shown [1], effective potential of interaction between fluid molecule and solid with random heterogeneous surface has the following form:
where P ρ(r s )|r f ∈Ω(z) is probability density of ρ(r s ) under condition that fluid particle lies in characteristic domainΩ(z). Thus, effective fluid-solid potential reflects the random surface properties by probability density P and average size ofΩ. Here the solid density is introduced as the number of solid molecules in volume d r s .Ω(z) is domain with the average (characteristic) size. This average size depends on the properties of random process and the coordinate z. Gaussian process is considered as basic model of random surface.
Thus, at this case one-point
Illustration of the molecule (black disk) and some realization of random process corresponding to heterogeneous surface (solid curve). In this case the slice at level h is above the fluid particle. Inset shows typical form of P11, calculation parameters are α = 0.6d
z (x) and two-points density distribution function w z (z 1 , x 1 ; z 2 , x 2 ) with arbitrary correlation function K(s) have the following forms
The theoretical approach may be applied for arbitrary correlation function of the random solid surface which could be obtained from experiments (for example X-ray measurements). However exponential function of the form K(x) = e −αx , (where α = 1/τ is inverse to correlation length τ ), is convenient for the calculations and demonstrates the general properties. Important to note, that the approach proposed in [1] is not restricted by certain functional dependence for distribution functions. Gaussian model was chosen only for simplicity.
It is possible to obtain the general result for the effective fluid-solid interaction potential starting from popular Mie pair intermolecular potential in the following form:
where r is the distance between molecules, C = sf λr λr−λa λr λa λr λr −λa is a constant. In case of LennardJones (LJ) fluid (λ r = 12, λ a = 6) this constant equals to C = 4 sf , where sf is characteristic energy of solid-fluid interaction. One can consider each term of above expression as general power function of r in the following form Cd γ /r γ . The interaction energy of molecule and surface, induced by pair potential U (r) is the sum of interactions with all molecules in the solid media. Thus, integration of U (r) over certain layer at level h (for example, gray area in Fig.3 ) in z-direction becomes:
(7) where ρ s is the number density of solid molecules. Expression (7) is written in terms of average solid density ρ s P 11 (r, h) and average length L(z) corresponding to averaged distance from molecules to solid surface at level z. Typical example of this function can be found in inset of Fig. 3 . Exact expressions for average length L and P 11 were obtained in [1] using random process theory approach. In accordance with (6) the impact of each layer at level h has the following form
Total effective interaction of a molecule and the solid media corresponds to integration over all layers from −∞ to ∞
FIG. 4. Schematic illustration demonstrates the local surface geometry properties, which are described by function L(z).
The characteristic properties of the local geometry are reflected in an explicit form of the function L which is used to calculate the effective potential (8) . The knowledge of local geometry is essential not only for understanding the effective potential but also for modifying the configuration integral according to heterogeneous geometry of the surface. These modifications are required in the new formulation of the free energy functional. Schematic illustration of molecule and solid surface in terms of function L can be found in Fig. 4 . This figure illustrates that heterogeneous surface can be locally represented as the known surface defined by function L. Thus new surface has the polar symmetry and defines boundary of excluded volume taking into account geometrical properties of the solid.
III. RANDOM SURFACE DENSITY FUNCTIONAL THEORY
This section discuses new DFT formulation -Random Surface Density Functional Theory (RSDFT). As in the case of homogeneous surface the starting point of RSDFT is grand canonical thermodynamic potential Ω[ρ( r)]:
where F [ρ] is the Helmholtz free energy, U f s is the external potential, µ is the chemical potential. The equilibrium density distribution ρ is satisfied to the following condition:
The Helmholtz free energy can be splitted into two parts: the ideal term F id and the excess term F exc de-scribing contributions of intermolecular repulsion and attraction. Henceforth Boltzmann and Plank constants are assumed to be equal to one: k B = h = 1. Thus, Helmholtz free energy can be expressed as
A. Ideal contribution
For an ideal system without any interactions, the Helmholtz free energy is known exactly :
where T is the temperature, Λ = (2πmT ) 1/2 is de Broglie wavelength, m is the mass of molecule. Expression (13) contains three-dimensional integration which can be reduced to one-dimensional integral using spatial symmetry. As was discussed in previous section interaction with rough surface can be represented as impact of the solid media with polar symmetry Fig. 4B . It allows one to introduce one-dimensional density ρ(z). Contrary to case with smooth surface, result of integration dxdy... is not constant. One can calculate this two dimensional integral taking into account only permitted domains for fluid on certain level z as
where A is total area, S(z) is the part of A which is free from solid media at level z. One can found this area from the following expression
from equation (15) one can see that the cases σ → 0 and z → ∞ are equivalent to the case of smooth surface S(z) → A. Thus ideal part (13) has the following form:
B. Attraction contribution
Molecules are considered as not ideal system which is represented by spherical molecules with diameter d interacting via Lennard-Jones (LJ) potential U LJ
where f f is the characteristic intermolecular energy. The excess term can be calculated using perturbation theory for the interaction potential [19] . The repulsion contribution can be described by reference system -the system of hard sphere, while attraction contribution corresponds to the perturbation term. Thus, the excess Helmholtz free energy can be written as
Here for perturbed attraction part we use WeeksChandler-Andersen (WCA) scheme [19] with the following representation of attraction potential U att (r) = − , r < λ U LJ (r), r > λ where λ = 2 1/6 d corresponds to the minimum of LJ potential. The mean-field approximation for attraction part is
The number of integrals in expression (19) can be reduced by the same procedure as for ideal term taking into account spatial dependence in (19)
where function G(z 1 , z 2 ) is defined as the following integral:
One can calculate this integral using the expression for effective media solid boundary L(z) at level z and piecewise definition of U att :
explicit form of (22) can be found in Appendix.
C. Hard sphere contribution
The next term in RSDFT is impact of hard sphere repulsion F HS . For this purpose Fundamental Measure Theory (FMT) developed by Rosenfeld [20] is used. General expression for Helmholtz free energy of HS has the following form
where as was discussed above spatial integration takes into account not constant area S(z). Several successful modifications of original FMT can be found in literature [21] . In current research we apply Rosenfeld-SchmidtLowen-Tarazona (RLST) version of FMT [22] . The same version was used in works [2, 3] related to adsorption on rough surface. Thus in accordance with RLST Φ HS can be written as
where n α , α = 0, 1, 2, 3 and n α , α = V 1, V 2 are scalar and vector averaged functions respectively. These new variables have the following definition:
where R is radius of molecule. As one can see in (25) the region of integration for n α corresponds to the size of molecule. Situation when a fluid molecule and solid surface has non empty crossover is impossible due to repulsion part of external potential. For this reason expressions (25) can be used in RSDFT without modifications.
D. External field contribution
The last term in (10) is external potential describing interaction between a fluid molecule and solid media F ext . [3] , and parameters of solid-fluid interaction for argon and nitrogen on carbon calculated using LorentzBerthelot rules [23] adsorbate f f /kB, K σ f f ,Å sf /kB, K σ sf ,Å This potential has to take into account geometrical properties of solid surface. For this reason result of previous section (9) is used. Thus, F ext has the following form:
E. Equlibrium density calculations
In order to obtain equilibrium density (11) one should calculate variations of expressions (16), (20), (23), (26):
Important to note that non-symmetry attraction kernel (22) leads to another deviation in term (28) from the case of smooth surface. Non-symmetry of (22) is illustrated in Fig. 5 . The adsorption isotherm can be calculated from integration of fluid density distribution. The expression for the number of molecules per unit area has the following form
where z m is sufficiently large upper limit of integration.
IV. COMPARISON WITH EXPERIMENT
RSDFT developed in current research can be applied for description of adsorption characteristics in case of real heterogeneous surfaces. Ones of the most suitable materials with rough surface are carbon adsorbents of different degree of graphitization. We have considered the argon and nitrogen low temperature adsorption on Cabot BP-280 carbon black. These systems were investigated in a lot of experimental works. This allows us to compare and
Comparison of adsorption isotherms of argon at 87 K on rough surface (BP280 Carbon Black) calculated using RSDFT (black discs joined by solid line) and experimental data [24] (opened circles). RSDFT result corresponds to heterogeneous surface with σ = 1.8d and τ = 5d. (B): Comparison of adsorption isotherms of nitrogen at 77 K on rough surface (BP280 Carbon Black) calculated using RSDFT (black discs joined by solid line) and experimental data [25] (opened circles). RSDFT result corresponds to heterogeneous surface with σ = 1.8d and τ = 5d. (C): Three-dimensional simulated solid media with heterogeneous surface corresponding σ = 1.8d and τ = 5d.
validate our results obtained by RSDFT with experimental data.
The experiments and the modeling [3, 7] show low temperature adsorption isotherm for smooth surfaces contains steps corresponding to well structured layer formations. Typical adsorption isotherm in the case of ideal surface looks like red dashed line in Fig. 6A . These types of isotherms can be described well by FMT model with smooth solid wall. However in case of heterogeneous surface there is crucial difference in shape of the isotherms and (as one can see from Fig. 6A ) experimental data can not be fitted with standard DFT. For smooth carbon surfaces step-like section of the isotherms starts from around P/P 0 > 0.1. In case of rough surface these steps decrease and then disappear as the surface roughness increases. This effect of isotherm smoothing can not be obtained without taking into spatial heterogeneity of the surface. RSDFT allows to obtain smooth adsorption isotherm for geometrically heterogeneous surfaces. For better demonstration we minimized the number of tunning parameters and fixed characteristics of fluid-solid interaction sf and d sf . In the case of argon and nitrogen the LorentzBerthelot rules are used [23] :
where cc = 28/T and d cc = 3.4A are characteristic carbon-carbon interaction and carbon molecule diameter respectively [26] , corresponding fluid-solid parameters can be found in Table I . Thus adsorption characteristics are controlled by geometrical properties of the surface: mean square deviation σ and correlation length τ . For comparison with experimental results we considered different values of roughness parameters σ, τ . It was observed that σ = 1.8 d and τ = 5 d provide best agreement with experimental data. Experimental results of low temperature adsorption on BP-280 for argon and nitrogen can be found in [24] and [25] respectively. In Fig. 6A and Fig. 6B circles are the number of adsorbed molecules calculated from experimental data [24, 25] using BET specific surfaces 37 m 2 g −1 and 38 m 2 g −1 for argon and nitrogen respectively [27] . Dashed line corresponds to smooth solid DFT and demonstrates significant deviation from experimental data. From Fig. 6A and Fig. 6B one can see that RSDFT results fit well ex- perimental data and show correct smoothed isotherm in range P/P 0 > 0.1.
Correct RSDFT adsorption isotherm for rough surfaces is result of structureless fluid formation near surface. It can be figured out from analysis of fluid density distribution near wall. It is well known that density distribution in case of ideal surface shows distinctly narrow peaks. From the distributions for rough surfaces Fig.7A , one can see that at low pressures argon particles are localized in the defects as these are strong energy sites. As the pressure increases, more layers are formed, but they are not as distinct as those in case of ideal surface due to irregular packing in case of random surface.
The density ρ defines distribution of molecules inside the space with boundaries defined by L(z) (Fig. 4B) . As one can see from expression (30) in order to calculate the number of adsorbed molecules new function ρ = A −1 S(z)ρ(z) is needed. Thus, this density controls isotherm smoothness. Indeed one can see from Fig. 7B with increasing of pressure density distribution profiles change continuously without sharp arising of new peaks. Also boundaries between neighbor peaks are not so obvious and there is competition between the first two peaks with the transition point between P/P 0 = 3 × 10 −3 and P/P 0 = 0.01. These properties of density distribution lead to lack of step-like region in adsorption isotherm curve.
As one can see RSDFT provides theoretical description of fluid thermodynamic properties near geometric heterogeneous solid. Rigorous approach to stochastic surface description is novel feature of developed model. Also the inverse problem of surface design from experimental investigation can be solved. In Fig. 6C one can find 3D model of solid wall geometry obtained from experimental isotherms [24, 25] matching by RSDFT. For modeling and simulation purposes random surfaces similar tot the one shown in Fig 6 have been generated using the method outlined in [28] , where an uncorrelated distribution of surface points using a random number generator (i.e. white noise) is convolved with Gaussian filter to achieve correlation.
V. NON-SYMMETRIC MODELS OF CORRUGATED MATERIALS
In this section we begin with discussion of a simple stochastic model for describing a heterogeneous surface which was proposed in work [6] . In spite of its simplicity, this model represents an important stage between the naive approach to the surface stochastic geometry description in the framework of the density functional theory and the complete accurate study of the influence of local properties of random geometry on fluid behavior. The models of heterogeneous surfaces constructed in this manuscript have many similarities to the simple Do-model [6] and expand it within the framework of the developed theoretical approach.
In accordance with work [6] heterogeneous surface model contains a collection of graphene layers. Authors of [6] considered all layers to be perfect graphene layers, except the top defected one to simplify calculation during fully atomistic GCMC simulation. Also they noticed that, in general, defects may be extended to all layers, not only for the top one. To model defects of the top layer, they selected at random a carbon atom in the layer and remove it as well as all surrounding neighbors that have distances to the selected atom less than a certain effective defect radius. This random selection is repeated until the percentage of carbon atoms removed reached a given defect percentage. The percentage of the surface carbon atoms being removed and the effective size of the defect (created by the removal) are the key parameters to characterize the nongraphitized surface and determine the pattern of isotherm. Once the configuration of the surface has been constructed, the grand canonical Monte Carlo simulation was applied to study the adsorption behavior of argon. As a result authors investigated how various parameters affect the adsorption isotherms. It is important to note that key parameters which determine the defects of the upper layer and, thus, the adsorption curve, which were introduced in [1], completely agree with our approach to describing the geometry and density functional formulation. Let us consider the model of a random process Z and the characteristics of local geometry described above. Then the percentage of atoms being removed from each z-layer is determined only by the single-point probability distribution function of the process Z. And the radius of the defects is analogous to the characteristic size of the open subdomains described by function L. Thus, the extended model of corrugated heterogeneous surfaces is obtained in the framework of our approach.
A. Truncation of random process from above
In the previous section the surface of the solid has been completely described by a random process. It is bounded the solid media from above.
We have modified the model to describe the process in which random defects are formed in the initially smooth surface. According to this procedure boundary of corrugated solid is a random process immersed inside an initially smooth solid substrate. Also, the regions of solid where the value of random process Z is bigger than value of initial smooth boundary are cut out. This procedure is called truncation from above. Sketch illustration of this procedure can be found in Fig. 8A Minor modifications are required in the DFT formulation of the model. One can fully use the previously developed approach taking into account the characteristic jump in the function L, which describes the local geometry (see Fig. 4B ). Also it is important to note that resulting boundary surface has no longer the Gaussian probability distribution. Indeed the probability that the height at any point of the surface is higher than the original height of a smooth substrate equals zero by definition of the truncation procedure (see Fig. 8A ).
We have applied this truncated DFT to several heterogeneous surface with different τ parameter. One can see from Fig. 10A our results stay in qualitative agreement with conclusion of [6] . Indeed, wavelike behavior of isotherms was observed in the case of perfect flat surface (no defect GTCB). It demonstrates a smoother behavior when the extent of defect is increased and in such case (NGCB) there is no clear plateau of monolayer coverage. This is simply due to the irregular packing in the case of heterogeneous surface geometry, compared to a much more ordered layering in the case of graphitized thermal carbon black. Also, in Fig 9A and Fig.9B one can compare relative roughness of surfaces with considered roughness parameters.
B. Truncation of random process from below
In addition to the surfaces obtained by cutting of random parts from an originally smooth substrate, another model may be considered. Let us imagine that defects with a random form have grown on a original smooth surface. By analogy with the procedure which describe the truncation from above, we introduce the truncation from below to simulate this type of heterogeneous surfaces. All necessary modifications are carried out similarly to the case described above (see Fig. 8B for explanations). 3D pictures of these cases can be found in Fig.10B .
VI. CONCLUSION
In this work we have developed new DFT model to describe real fluid behavior near spatial heterogeneous surfaces. The major difference of our result from the existing ones is the stochastic model for solid media, taking into account the correlation properties of the geometry. In order to obtain equilibrium density distribution in the framework of this model we have applied novel effective fluid-solid potential and modified Helmholtz free energy for Lennard-Jones fluid.
Developed model -RSDFT is used for calculation of argon and nitrogen low temperature adsorption on real heterogeneous surfaces (BP280 carbon black). The results of RSDFT are in good agreement with experimental data published in the literature. Thus, RSDFT allows one to predict thermodynamical properties of inhomogeneous fluid using essential characteristics of solid wall geometry.
Also the random process theory approach to geometric heterogeneous surface is extended to describe the typical models of corrugated materials. These cases differ in formation nature and correspond to different models of truncated random process. Parametric analysis demonstrates strong influence of surface roughness characteristics on behavior of adsorption isotherms. Therefore competition between impacts of surface heterogeneity and fluid-fluid interactions lead to the variety of isotherm patterns. Presented technique can be used for artificial generation of rough surfaces with desired adsorption characteristics.
Developed RSDFT may be efficiently applied to several actual problems in surface science: optimal material design for the gas storage problems and double electric layer supercapacitors; influence of spatial heterogeneity on gas-fluid equilibrium, especially in the case of nanoconfinement; concurrent adsorption of multicomponent fluid with significant difference in molecular size.
Appendix A: Attraction kernels calculation
In this Appendix we provide explicit expressions of the kernels (22) . These functions are result of integrations of expression (19) in polar coordinates. As one can see in [2] P. I. Ravikovitch and A. V. Neimark, Langmuir 22, 11171
